The magnetic ground state of Fe-doped rutile TiO 2 , an oxide-based dilute magnetic semiconductor, has been investigated within the hybrid-exchange approximation to density-functional theory. Fe x Ti 1−x O 2 with x = 0.125 has been simulated by means of a 24-atom supercell with Fe doped substitutionally for Ti and this is established as the dilute limit through explicit comparison with calculations on a 192-atom supercell ͑x = 0.0156͒. A detailed study of the nature and stability of the predicted ground state with respect to variations in the oxidation state of the Fe ion, the delocalization or self-trapping of holes donated to the lattice, and the treatment of electronic exchange and correlation is presented. The ground state is found to be well described by a model based on an Fe 3+ -d 5 in a high spin state coupled to a partially delocalized hole accommodated in the 2p states of neighboring oxygen ions. No evidence is found for ferromagnetic coupling suggesting that the observed ferromagnetism in this system is dependent upon additional structural and/or electronic defects.
The magnetic ground state of Fe-doped rutile TiO 2 , an oxide-based dilute magnetic semiconductor, has been investigated within the hybrid-exchange approximation to density-functional theory. Fe x Ti 1−x O 2 with x = 0.125 has been simulated by means of a 24-atom supercell with Fe doped substitutionally for Ti and this is established as the dilute limit through explicit comparison with calculations on a 192-atom supercell ͑x = 0.0156͒. A detailed study of the nature and stability of the predicted ground state with respect to variations in the oxidation state of the Fe ion, the delocalization or self-trapping of holes donated to the lattice, and the treatment of electronic exchange and correlation is presented. The ground state is found to be well described by a model based on an Fe 3+ -d 5 in a high spin state coupled to a partially delocalized hole accommodated in the 2p states of neighboring oxygen ions. No evidence is found for ferromagnetic coupling suggesting that the observed ferromagnetism in this system is dependent upon additional structural and/or electronic defects. 
I. INTRODUCTION
Titanium dioxide has a variety of interesting physical and chemical properties and has therefore been extensively studied experimentally ͑see review and references in Ref. 1͒ and using a range of theoretical approaches ͑i.e., Refs. 2-12͒. Recently, it has been observed that when doping TiO 2 with transition metal ͑TM͒ impurities at low concentration ͑Ti 1−x X x O 2 , with X = TM and x from 0.01 up to 0.14͒, titanium dioxide exhibits room temperature ͑RT͒ ferromagnetism. [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] In addition, for iron ͑x ϳ 0.07͒ 31, 33 and cobalt ͑x Յ 0.12͒ [13] [14] [15] doping of thin films the material remains transparent. The doped material has potential for use in spintronics and optoelectronics if the ferromagnetism can be understood and controlled. 34 The origin of the RT ferromagnetism has been studied using a number of experimental techniques but there is still no clear consensus about the resultant lattice structure, the sites adopted by TM ions, the distribution of the ions in the lattice, their oxidation state, or the magnetic moment per ion. Transition electron microscopy ͑TEM͒, 13, 14, 17, 18, 26, 27 scanning electron microscopy ͑SEM͒, 14, 23, 24 and atomic force microscopy ͑AFM͒ 14 have been used to demonstrate the solubility of TM atoms in various forms of TiO 2 at a variety of concentrations, for which no sign of segregation of an impurity phase is evident. This conclusion has been corroborated by x-ray diffraction ͑XRD͒ data, which is consistent with the incorporation of TM ions into both anatase and rutile lattices. [13] [14] [15] 17, 18, [25] [26] [27] 32 In the case of Fe, XRD, [22] [23] [24] 28, [35] [36] [37] Raman, 31, 38 and Möss-bauer spectra 25, 37, 39, 40 indicate that Fe is incorporated substitutionally for Ti. Analysis of the Mössbauerlast data suggests the presence of both Fe 2+ and Fe 3+ species 25, 37, 39, 40 while x-ray photoemission spectroscopy ͑XPS͒ indicates that Fe is in the 3+ state only. 32 Electron paramagnetic resonance ͑EPR͒ implies that in rutile Fe 3+ substitutes for Ti 4+ . 41, 42 It is the doping of rutile that is of the most immediate interest as it is the thermodynamically most stable phase and thus the most promising for applications of titania as a high-T C dilute magnetic semiconductor. 24 The magnetic moment of the Fe species appears to be very sensitive to the details of the preparation and form of rutile and a very wide range of magnetic moments ͑0.05-2.5 B ͒ have been reported. In rutile powder with Fe at x = 0.01, the magnetic hysteresis at RT displays ferromagnetic behavior with a magnetic moment of about 0.68 B / Fe. 25 In rutile thin films at x = 0.06, a magnetic moment of 1.3 B /Fe 32 has been deduced from superconducting quantum interference device ͑SQUID͒ measurements. In rutile films with similar Fe content ͑x = 0.081͒ the observed moment is significally smaller ͑ϳ0.15 B /Fe͒, and has been observed to decrease to 0.051 B / Fe at higher concentrations ͑x = 0.126͒. 24, 28 In vacuum-annealed rutile films with x = 0.05, the SQUID measurements imply a moment of 0.48 B / Fe. 31 In reduced-rutile thin films with x = 0.02, 0.06, and 0.08, at 300 K exhibit hysteresis with a saturation magnetization of 2.3-2.4 B per Fe atom. 17, 18 In all of the studies discussed above the Fe dopants were considered to be incorporated in the rutile lattice but there have been a number of reports which challenge this interpretation. ͑1͒ In rutile films with x = ϳ 0.07 the magnetic behavior has been attributed to the presence of Fe 3 O 4 nanoparticles revealed by AFM, SEM, TEM, XPS, and x-ray absorption near-edge spectroscopy measurements. 43 ͑2͒ In Fe-doped TiO 2 nanopowders with particle sizes of 10-100 nm and x ranging from 0 to 0.20, a purely paramagnetic response was observed at RT. 37, 40 A number of theoretical studies have been performed in order to characterize these materials. The full-potential linearized-augmented plane wave method, both in the local density ͑LDA͒ and generalized gradient ͑GGA͒ approximations, has been used to study the magnetic order in Fe 0.5 Ti 0.5 O 2 . At this high concentration three different magnetic orderings were studied in supercells containing four formula units and the ground state was found to be antiferromagnetic although a metastable phase with weak ferromagnetic coupling along the crystallographic a direction was also seen. 44, 45 Interestingly the computed magnetic moment was sensitive to the distribution of iron in the supercells varying in the range 1.68-2.67 B / Fe. However, these calculations assumed a high-spin oxidation state of Fe 4+ ͑with a formal value ͉S Fe ͉ =2͒ in the analysis of the magnetic coupling and were restricted to concentrations much higher than those observed. In a related study the electronic structure was studied at lower concentrations ͑x = 0.25 and 0.0625͒ and, for similar local geometries the magnetic moment per Fe was found to be insensitive to the concentration. 45 47 This method is also adopted in the current work as it has been proven to provide a reliable approach to the electronic structure, orbital and magnetic ordering in a wide variety of transition metal oxides overcoming the well-established problems suffered by LDA and GGA approaches which underestimate band gaps and overestimate magnetic couplings. [47] [48] [49] [50] [51] [52] [53] [54] [55] In these materials this is crucial as a correct description of the balance between localized and delocalized states is vital if the formation of hole states within the oxygen p band to compensate for the presence of Fe 2+ or Fe 3+ dopant ions is to be computed reliably. The paper is organized as follows. Section II contains computational details. In Sec. III A the perfect rutile structure is presented with the supercell adopted for the doped system. The oxidation state of the iron atom and the consequent presence of hole͑s͒ in the system have been investigated in Sec. III B. In Sec. III C the optimized geometry for the lowest-energy oxidation state has been studied and a comparison between 24-and 192-atom supercell is given. The total and projected density of states are shown in Sec. III D and the interplay between electronic structure and geometry is analyzed. The possible solutions with a localized hole are described in Sec. III E. The ferromagnetic and antiferromagnetic phases are reported in Sec. III F with the aim of evaluating the exchange coupling constants J. The main conclusions of this study are summarized in Sec. IV.
II. COMPUTATIONAL DETAILS
All calculations have been performed using the CRYSTAL03 software package, 56 based on the expansion of the crystalline orbitals as a linear combination of a local basis set ͑BS͒ consisting of atom centered Gaussian orbitals. The titanium and oxygen atoms are described by a triple valence all-electron BS: an 86-411G * * contraction ͑one s, four sp, and two d shells͒ and an 8-411G* contraction ͑one s, three sp, and one d shells͒, respectively; 57 the most diffuse sp ͑d͒ exponents are ␣ Ti = 0.3297 ͑0.26͒ and ␣ O = 0.1843͑0.6͒ Bohr −2 . These basis sets were developed in previous studies of the bulk and surfaces phases of titania in which a systematic hierarchy of all-electron basis sets was used to quantify the effects of using a finite BS. 12, 58 56, 61 Reciprocal space sampling was performed on a Pack-Monkhorst net with a shrinking factor IS= 8, which defines 75 symmetry unique k points in the bulk structure. The self-consistent field procedure was converged to a tolerance in the total energy of ⌬E =1 ϫ 10
−7 E h per unit cell. The TiO 2 cell parameters were optimized using numerical energy gradients with respect to the cell vectors. The internal coordinates for both the perfect and the Fe-doped system have been determined by minimization of the total energy within an iterative procedure based on the total energy gradient calculated analytically with respect to the nuclear coordinates. Convergence was determined from the root-meansquare ͑rms͒ and the absolute value of the largest component of both gradients and nuclear displacements. The thresholds for the maximum and the rms forces ͑the maximum and the rms atomic displacements͒ have been set to 0.00045 and 0.00030 ͑0.00180 and 0.00120͒ in atomic units. Geometry optimization was terminated when all four conditions were satisfied simultaneously. 62, 63 
III. RESULTS
In this section the perfect rutile structure is presented with the supercell adopted for the doped system ͑Sec. III A͒. At fixed geometry, the oxidation state of the iron atom has been studied ͑Sec. III B͒ and then the structural relaxation due to the presence of Fe in the lattice has been investigated for the ground state ͑Sec. III C͒. The electronic structure is analyzed in terms of the total and projected density of states and Mul-liken partition of the charge and spin density ͑Sec. III D͒. In addition, metastable solutions with a localized hole are presented in order to establish the stability of the ground state ͑Sec. III E͒. Finally, the magnetic ground state is presented and the exchange coupling constants J evaluated ͑Sec. III F͒.
A. Geometry
The rutile structure belongs to the P4 2 / mnm͑D 4h 14 ͒ tetragonal space group and the unit cell, defined by the lattice vectors a and c, contains two TiO 2 units with Ti ions at ͑0,0,0͒ and ͑ 12, 64 The predicted structural parameters, with the percentage deviation from those observed 65 in parenthesis, are ͑in Å͒: a = 4.639͑1.14% ͒, c = 2.981͑0.90% ͒, u = 0.306͑0.48% ͒, and V = 64.151͑3.23% ͒. This structure is consistent with that predicted in previous calculations. 12 Each Ti is octahedrally coordinated to six O ions forming a distorted octahedron, with the length of the two apical Ti-O ap bonds slightly longer than the four equatorial Ti-O eq bonds. The calculated ͑observed͒ lengths ͑in Å͒ are 2.009 ͑1.976͒ for Ti-O ap and 1.959 ͑1.946͒ for Ti-O eq . The four equatorial oxygen atoms form a rectangle, stretched along c, with the titanium atom at the center and with the smaller angle O eq Tî O eq equal to 80.95°͑81.24°͒.
In order to model iron-doped TiO 2 at a realistic concentration a supercell approach has been adopted. In Fig. 1 an iron-doped 24-atom supercell ͑S 24 ͒ is displayed, which is generated by doubling the c lattice vector and introducing a ͱ 2 ϫ ͱ 2R45
‫ؠ‬ expansion of the cell in the ab plane. Substitution of Ti with Fe in the cell results in a concentration of x = 0.125 which is towards the higher end of the range of concentrations that has been realized in practice ͑see Sec. I͒.
In Fig. 1 the global Cartesian reference system of the cell used here is also shown. This frame is not conventionally adopted for the description of d orbitals within ligand field theory. In fact the Fe d x 2 −y 2 and d xy are exchanged and, accordingly, the d yz and d xz orbitals ͑in the global system͒ are rotated by 45°with respect to the conventionally local reference system. In the global frame, the e g states correspond to d xy and d 2z 2 −x 2 −y 2 orbitals. The Cartesian frame adopted here is convenient because the density matrix in this orientations of the d orbitals is diagonal. A number of metastable charge and spin states can be generated in addition to the ground state electronic structure by varying the initial condition of the calculation. In Table I the relative total energy, ionic charges, and spin moments for various states are reported as a function of the total spin per cell S ͑the difference in number between electrons in a majority and a minority spin state͒, at the optimized rutile geometry; for completeness solutions that are non-spinpolarized ͑NSP͒ and spin polarized but with a total spin of 0 are also reported.
The computed charges reveal a more complex picture than that expected from the simple ionic model and the determination of the Fe oxidation state and of the nature of the unpaired electron͑s͒ associated with the accommodation of hole͑s͒ by the lattice is not straightforward. The nature of the competing states is further analyzed in Table II The main finding of this initial survey of the effect of the oxidation state of the Fe ion is that the ground state for Fe-doped rutile TiO 2 corresponds to a high spin state Fe 3+ -͑d 5 ͒ configuration with the unpaired electron of the lattice coupled antiparallel to that of the Fe resulting in an overall spin density per cell of S = 4. The unpaired electron is in a crystalline orbital formed by an hybridization of the Fe-d xy and O-2p atomic orbitals and is thus delocalized among the four nearest neighbor O ions.
C. Structural relaxation
The relaxation of the ions in the surrounding lattice has been performed for the S = 4 state presented in Sec. III B. In order to illuminate the key interactions, the optimization has been performed in four stages, relaxing ͑1͒ the two O ap atoms, ͑2͒ the four O eq atoms, ͑3͒ all the six nearest neighbors, and ͑4͒ all the atomic coordinates inside the supercell. The displacements and gain in energy at each stage are summarized in Table III . It is evident that the four O eq ions experience a breathing-mode relaxation to accommodate the Fe dopant. The displacement of the O eq ions alone accounts for 36% of the total relaxation energy and is the dominant contribution ͑the displacement of the O ap ions alone accounts for just 5% of the total͒. The relaxation of O ap ions becomes more significant when performed in conjunction with the O eq ions: ⌬E for the optimization of both O ap and O ap yielding about 50% of the total. This cooperative effect is also apparent in the displacements. When optimized separately, O eq and O ap have, respectively, a displacement equal to 68 and 45 % of the full relaxation. In addition to the primary effects of the displacement of O eq and the secondary ones of O ap on the relaxation, it is interesting that the displacement of the O d,ap ions ͑−0.026 Å͒, which are the four apical oxygen atoms of the two Ti ions that neighbor Fe ͑see Fig. 1͒ , relax in a direction opposite to that of the O ap ions. The local distortion of the octahedron containing the Fe ion is documented in Table IV . The decrease of the O eq -O eq distance is accompanied by an increase in O ap -O ap .
In order to check the concentration dependence of these distortions a supercell S 196 was created by doubling each lattice vectors of S 24 , resulting in an Fe content of x = 0.0156 ͑Table IV͒. The O-O distances are essentially the same ͑within 1.5% of that in the S 24 cell͒ indicating that the local distortion of the octahedron is close to the dilute limit for x = 1 24 , even though the full relaxation of all the atoms in the supercell entails a further energy gain of 0.3 eV, due to TABLE I. The energy difference ͑⌬E, in eV͒, with respect to the ground state ͑S =4͒, net atomic charges ͑q in ͉e͉͒, and spin moments ͑ in B ͒ evaluated according to a Mulliken partition of charge and spin densities as a function of the total spin S of the supercell. The adopted geometry is the B3LYP optimized structure of pure rutile TiO 2 . NSP denotes the non-spin-polarized solution. In the undoped rutile q Ti = 2.158͉ e͉ and q O = −1.079͉ e͉. 
D. Electronic structure
The projected total density of states ͑DOS͒ of undoped rutile TiO 2 is displayed in Fig. 2͑a͒ . The upper valence band ͑−10.6-−4.5 eV͒ has predominantly O-2p character with some hybridization with Ti-3d orbitals, while the lower conduction band has Ti-3d character. The computed width of the upper valence band is 6.13 eV, in agreement with that observed ͓5-6 eV 69,70 ͔ and the computed band gap is 3.40 eV in reasonable agreement with that observed in optical spectroscopy of ϳ3 eV. 69, [71] [72] [73] This reliable reproduction of the observed electronic structure is an important feature of the hybrid exchange approximation.
The spin-polarized DOS of the doped system is presented in Fig. 2͑b͒ . The Fe ion contributes a narrow, spatially localized, band of majority spin states below the bottom of the upper valence band and a broad spectrum of more delocalized states which are hybridized with the O-2p band. These features are consistent with the discussion of the Fe oxidation state above. These main features of the DOS are similar to those computed for ilmenite ͑FeTiO 3 ͒ 47 indicating that these essential features of the electronic structure of the Fe 3+ ion in a titanate host lattice are fairly independent of concentration, which is consistent with a highly localized picture of the electronic structure of the Fe 3+ ion. There is also evidence for some hybridization between the Fe-3d and O-2p orbitals. In particular, the Fe-derived minority spin states can be attributed mainly to the d orbitals oriented towards O eq and are due to the interaction with the unpaired minority-spin state electron delocalized over the four O eq ions.
Upon doping, a number of defect states are generated in the band gap. About 2 eV above the valence band maximum ͑VBM͒ there is a majority spin state ͑mainly due to the Fe-d orbital pointing towards O eq and to the O eq -p x and O eq -p y ones͒. In the minority spin states a feature exists 2.38 eV above the VBM ͑which is 0.05 eV lower than the VBM in the majority spin states͒ these are the crystal field split Fe-d states. The presence of these minority spin states in the band gap has been suggested previously on the basis of molecular orbital diagrams for the isolated ͑Fe 3+ O 6 ͒ 9− cluster. 74 The localized majority-spin states, which are in the energy range from −12.5 to −10.5 eV, can be analyzed further in terms of the contributions of the individual d orbitals and a simply ionic picture of the interactions ͑Fig. 3͒. In the distorted octahedron the degeneracy of the d orbitals is lifted but they can be grouped into t 2g -like and e g -like subbands.
Of the e g levels that are oriented towards the O ap the d z 2 is lower in energy than the d xy , which interacts with the O eq , as the Fe-O ap distance is slightly longer than the Fe-O eq distance ͑1.902 vs 2.047 Å͒. Within the t 2g derived states, the d x 2 −y 2 orbital, which is in the O eq plane, is the most stable and is sensitive to the position of the neighboring O eq atoms.
TABLE III. The distance ͑Å͒ between Fe and its neighbors is given in the first row of data. In the second column, the set of atoms whose coordinates have been optimized is given for both S 24 and S 196 supercells. ⌬E ͑in meV͒ is the relaxation energy evaluated with respect to the structure without geometry optimization ͑first row of data͒. The displacements ͑Å͒ are given in italics; a negative value means a relaxation towards the iron atom and blanks indicate no displacement. The underlined values indicated cases in which the relaxation alters the distance ordering of the neighbors. The Fe-O interaction can also be analyzed using the charge and spin density maps displayed in Fig. 4 . The plots are drawn in two different planes in order to expose the differences between the Fe-O eq and Fe-O ap interactions: the former defined by the Fe ion and two of the O eq , the latter defined by Fe, O eq , and O ap . Along the Fe-O ap direction the charge density map reveals a rather ionic picture of the bonding with near spherical charge density around the O and Fe ions. In the Fe-O eq direction the charge density is more concentrated in the bond and spin density is consistent with the strong Fe͑␣-d xy ͒-O͑␤-2p͒ interaction, suggested by the DOS. On the O eq centers the hexapole consists of minority spin p orbitals oriented towards the Fe atom and majority spin p orbitals orthogonal to these and, as a consequence, the overall spin on O eq is small ͑see Tables I and IV and Fig. 4͒ .
As the role of electronic exchange is expected to be crucial in this system the sensitivity of the local electronic structure to the percentage of the Fock exchange used in the hybrid functional has been investigated. The variation in the Mulliken spin and charge populations of the Fe-d orbitals are plotted in Fig. 5 . A substantial difference in the behavior of the e g and t 2g orbitals is evident. The former states are characterized by a lower spin density, mainly due to hybridization with the neighboring oxygen atoms, this is especially evident for the d xy orbital interacting with O eq . The effect of the treatment of electronic exchange and correlation on the d xy spin population is most striking. As the Fock exchange component is increased the spin density increases rapidly due to the increasing localization of the crystalline orbital and the decreasing interaction with the delocalized O-2p hole. The plateau in the total population of the d xy orbital above 40% is particularly significant in the light of the evidence that more than about 25% Fock exchange is typically needed to describe the overall electronic structure of crystalline insulators. [75] [76] [77] [78] It is important to note that the effect of Fock exchange is documented here in order to establish the sensitivity of the solution to the treatment of electronic exchange and not to suggest that the functional should be varied; the B3LYP functional is a well-documented and widely used approximation.
E. The possibility of self-trapping of the hole state
The strong interplay between the geometry and the electronic structure can be exploited to generate metastable states in which self-trapping of the hole occurs at O ap and O eq in various p states and with spin either parallel or antiparallel to the spin of the Fe ion. There is then the possibility that the resultant lattice distortion lowers the energy of the selftrapped state significantly. Accordingly, a study of the local environment of the iron near an oxygen ion with a trapped hole has been performed. As the Hartree-Fock approximation displays a well-documented tendency to over localized states in magnetic insulators this approach is used to generate initial guesses for the localized states and to document the strongly interacting limit.
It is evident from HF data in Table V that the lowest energies solutions have the p orbital with the unpaired electron orthogonal to the plane identified by unit FeOTi 2 ; the localization at O eq ͑with a p z character͒ being about 0.2 eV more favorable than at O ap ͑p y ͒. In both cases the spin of the unpaired electron is aligned with Fe and when flipping its spin state there is an energy increase of ϳ0.02− 0.04 eV. TABLE V. The energy ͑eV͒ within the Hartree-Fock level of theory as function of the localization of the unpaired electron at the oxygen position ͑O ap and O eq ͒ in each p orbital for both the spin states. The first two rows are reported with respect to the minimum value, labeled by zero. The nonrelaxed and FeO 6 -relaxed lines refer, respectively, to iron-doped TiO 2 at the experimental geometry and to the same structure after a geometry optimization of the octahedron FeO 6 ; the energy difference between the two cases is given in the relaxation line. The blank means that the value has not been calculated. This finding is also confirmed when the octahedron FeO 6 distortion is taken into account. Within the HF approximation the ␣-O eq ͑p z ͒ solution is ϳ2 eV lower in energy than the state in which there is delocalization of the unpaired electron among oxygen atoms nearest neighboring of Fe.
The displacements computed within HF of the atoms in the FeO 6 octahedron for the four lowest energy cases in Table V have been exploited to define initial geometries for hybrid exchange calculations in order to generate potential self-trapped hole states. From the data in Table VI it is evident that the localization of an unpaired electron in the ␣-O eq ͑p z ͒ state ͑where O eq = 0.948ϳ p z = 0.842͒ is more favorable than all other solutions with a localized unpaired electron. Furthermore the stability order ͓␣-O eq ͑p z ͒ Ͻ ␤-O eq ͑p z ͒ Ͻ ␣-O ap ͑p y ͒ Ͻ ␤-O ap ͑p y ͔͒ of the HF approximation is preserved. However, the results presented in Table VI establish clearly that the delocalized S = 4 state ͑investigated in Secs. III C and III D͒ is lower in energy even after local distortions associated with the self-trapping of the hole.
F. The magnetic coupling
In the previous sections the nature of the spin density associated with each Fe dopant has been established and seen to be essentially localized on Fe-d 5 and nearest neighboring oxygen atoms. It is the purpose of this section to examine the magnetic interactions between these localized spins that determine the macroscopic magnetic properties. At fixed dopant concentration the energy of parallel and antiparallel configurations of the spins is computed in suitable supercells of the fundamental cell. Cells containing 48 atoms created by doubling along either the a, b, or c directions are used to study nearest neighbor interactions and cells of 96 atoms doubled in two directions used to generate states in which there is antiparallel alignment along two directions.
The energies of these various states are presented in Table  VII ; as expected, the energy scale of magnetic ordering is a few meV per Fe much smaller than the charge ordering energy scale of about one half eV ͑see Table I͒, as observed previously in ilmenite. 47 This disparity in energy scales supports the assumption that studying the structural degrees of freedom in the ferromagnetic configuration is sufficient ͑Sec. III C͒. Indeed, if further structural relaxation is performed in the presence of an antiferromagnetic alignment the energy gain is negligible ͑ϳ0.02 meV͒. For coupling along all directions considered here, the antiparallel alignment of spins is more stable than parallel ͑see Table VII͒ and the most stable state is antiferromagnetic with antiparallel coupling in all directions. The coupling is about 2-3 times stronger along c than along b and a. Within a simple Ising model, the computed exchange coupling constants among impurities are J a = 3.2 K, J b = 4.8 K, and J c = 11.0 K, where the spin has been taken to be ͉S Fe = 5 2 ͉, which is the formal value of Fe 3+ in a high spin state. The calculations on the quadruple cell establish that the magnetic coupling is essentially nearest neighbor and additive, as there is a deviation of less than 2% between the stabilization energy ⌬E given in Table VII and that computed from the nearest neighbor interactions along the crystallographic directions J a , J b , and J c .
The prediction here, that the coupling favors antiparallel spins in all directions within the lattice, is not consistent with previous work which reported a ferromagnetic coupling for certain directions. 45 However, the previous study was conducted at a much higher concentration ͑x = 0.5͒ than the present study. At x = 0.5 it is likely that the spin density induced by the dopants overlaps as is also evidenced by the very different Fe magnetic moment reported previously. 45, 46 The value of Fe varied in the range 1.68-2.67 B and was found to be very sensitive to the distribution of iron in the supercells. In constant, as can be seen from Table VII , the present value of Fe ͑ϳ ± 3.58 B ͒ is independent of the magnetic order. This discrepancy is also exacerbated by the use of the local spin density approximation in previous studies which has a well-documented tendency to overdelocalization of the states in transition metal oxides.
As the hybrid functional used here correctly describes the balance between localized and delocalized states, it can be concluded that the calculations reported here establish that well separated Fe dopants at x = 0.125 yield large local magnetic moments which do not order to form a ferromagnetic state that would be stable at room temperature.
IV. CONCLUSIONS
The magnetic ground state of Fe-doped rutile TiO 2 , an oxide-based diluted magnetic semiconductor, has been investigated using hybrid-exchange density-functional theory. A 24-atom supercell of rutile with an Fe atom substituted for Ti has been used to simulate the dilute content of dopant ͑Fe x Ti 1−x O 2 , x = 0.125͒. The fact that this supercell represents the dilute limit is established by direct comparisons of the relaxation energy and geometrical distortions of a 192-supercell ͑x = 0.0156͒.
A detailed study of the oxidation state of Fe and the related presence and nature of the holes donated to the lattice has established that the ground state corresponds to a high spin state consistent with an Fe 3+ -͑d 5 ͒ configuration with the unpaired electron of the lattice coupled antiparallel to that of the Fe resulting in an overall spin density per cell of S =4. The analysis of the electronic structure in terms of Mulliken charges, total and spin density maps, and total and projected density of states has identified the hole state as a delocalized orbital formed by the hybridization of the Fe-d orbital pointing towards the four O eq and O eq -2p orbitals.
The stability of this state with respect to self-trapping of the hole has been found to be sensitive to the treatment of the electronic exchange and correlation: within the HF level of theory the lowest-energy solution corresponds to an unpaired electron trapped at an oxygen position nearest neighboring of Fe, while within the hybrid exchange approximation all selftrapped states are metastable with respect to the delocalized solution.
The calculation of the ferromagnetic and antiferromagnetic coupling of the spin associated with impurities establishes that, for the well separated Fe dopants at x = 0.125, the large local magnetic moments are insensitive to the magnetic order and do not couple to form a ferromagnetic state that would be stable at room temperature, in agreement with previous experimental works. 32, 37, 40 From the apparent independence of the magnetic moment and coupling mechanism on the Fe content it seems likely that this conclusion can be extended to smaller concentrations. The reported observations of ferromagnetism have yielded a wide range of magnetic moments per Fe dopant which appear to be sensitive to the growth conditions and in particular the oxygen partial pressure. 31, 79, 80 In view of this it seems possible that the ferromagnetism is due to a mechanism which is based on variations in the oxygen stoichiometry in addition to the substitutional incorporation of Fe in the host crystal. [81] [82] [83] [84] .
